The present calculations in perturbative QCD reach the order α 4 s for several correlators calculated to five loops, and the huge computational difficulties make unlikely the full six-loop calculation in the near future. This situation has practical consequences, in particular the treatment of the higher orders of the perturbation series for the current-current correlator of light quarks is one of the main sources of errors in the extraction of the strong coupling from hadronic τ decays. Several approximate estimates of the next coefficients of the corresponding Adler function have been proposed, using various arguments. In the present paper we exploit the analytic structure of the Adler function in the Borel plane, which allows the definition of an improved perturbative expansion in powers of a conformal variable which maps the cut Borel plane onto the unit disk. The new expansions converge in a larger domain of the Borel plane and, when reexpanded in powers of the strong coupling, yield definite values for the higher perturbative coefficients. We apply the method to the Adler function in the MS scheme and to a suitable weighted integral of this function in the complex s plane, chosen such as to avoid model-dependent assumptions on analyticity. Our results c5,1 = 287 ± 40, c6,1 = 2948 ± 208 and c7,1 = (1.89 ± 0.75) × 10 4 , for the six, seven and eigth-loop coefficients, respectively, agree with a recent determination from Padé approximants applied to the perturbative expansion of the hadronic τ decay rate.
INTRODUCTION
The perturbative QCD expansion of the Adler function in the chiral limit is known to five loops [1] , the same order to which the renormalization-group β function has been calculated [2] . The increased precision of perturbative calculations is important for the extraction of the strong coupling α s from hadronic τ decays. However, having in view the computational difficulties, a sixloop result is not foreseen in the near future. In the absence of exact calculations, approximate values for the next coefficients have been proposed, based on various arguments. Such predictions have been made also for the coefficient of the α 4 s term in Refs. [3] [4] [5] , before the exact five-loop calculation was available. However, they have not been confirmed in general by the exact result reported in [1] . After the appearance of this result, estimates of the six-loop coefficient have been make in Ref. [1] from the principle of Fastest Apparent Convergence (FAC) [6] , in Ref. [7] from the convergence of the expansion of the τ hadronic decay rate, and more recently, in Ref. [8] from Padé approximants applied to the perturbative expansion of the hadronic τ decay rate.
The prediction of the higher unknown terms in a series expansion from the knowledge of the first few terms may look like a miracle. Actually, this prediction would be impossible without the knowledge of some theoretical properties of the expanded function, available a priori, independent of the series expansion. In the present paper we exploit the analytic structure of the Adler function in the Borel plane, which encodes the large-order behavior of the perturbative expansion. We then apply a procedure of series acceleration by conformal mappings, proposed in [9] and investigated further in Refs. [10] - [16] . Instead of the standard Taylor expansion of the Borel transform, we define new expansions, in powers of a conformal variable which maps the cut Borel plane onto the unit disk. These expansions converge in a larger domain of the Borel plane and have a better convergence rate. Moreover, when reexpanded in powers of the strong coupling, they yield definite values for the higher-order perturbative coefficients. A prediction for the six-loop coefficient by this method was already reported in [12] . In the present work we perform a more systematic investigation of this problem.
The paper is organized as follows. In the next section we briefly review the calculation of the Adler function and the hadronic width of the τ lepton in perturbative QCD. In Sec. III we introduce the modified perturbative expansions based on the conformal mapping of the Borel plane. The prediction of the first three unknown coefficients from the expansion of the Adler function in MS scheme is investigated in Sec. IV. We consider here also the prediction of the coefficients at large orders, using as framework two renormalon-based models for the Adler function, reviewed for completeness in the Appendix. In Sec. V we briefly discuss the prediction of the six-loop coefficient in an alternative renormalization scheme, known as C scheme. In Sec. VI we explore the possiblity of extracting the next coefficients using the perturbative expansion of the hadronic decay width of the τ lepton, which is expressed as a weighted integral of the Adler function along a contour in the complex energy plane. In Sec. VII we discuss other weighted integrals and define a criterium for the choice of an optimal weight, which avoids model-dependent assumptions on the properties in the Borel plane. A suitable weight meeting this criterium is considered in Sec. VIII for the extraction of the unknown perturbative coefficients of interest. In Sec. IX we present the final results, obtained by averaging the results independent of ad-hoc assumptions obtained in our analysis. The last section contains a summary and our conclusions.
II. ADLER FUNCTION AND τ HADRONIC WIDTH IN PERTURBATIVE QCD
We recall that the Adler function is the logarithmic derivative of the invariant amplitude of the two-current correlation tensor, D(s) = −s dΠ(s)/ds, where s is the momentum squared. We shall consider the reduced function D(s) defined as:
From general principles of field theory, it is known that D(s) is an analytic function of real type (i.e. it satisfies the Schwarz reflection property D(s * ) = D * (s)) in the complex s plane cut along the timelike axis for s ≥ 4m 2 π . At large spacelike momenta s < 0, this function is given by the QCD perturbative expansion
where a µ ≡ α s (µ 2 )/π is the renormalized strong coupling in a certain renormalization scheme (RS) at an arbitrary scale µ. The coefficients c n,1 are obtained from the calculation of Feynman diagrams, while c n,k with k > 1 are obtained in terms of c m,1 with m < n and the coefficients β n of the β function, which governs the variation of the QCD coupling with the scale in each RS:
We recall that in mass-independent renormalization schemes the first two coefficients β 1 and β 2 are scheme invariant, depending only on the number n f of active flavors, while β n for n ≥ 3 depend on the renormalization scheme. In MS scheme, the known coefficients for n f = 3 are (cf. [2] and references therein):
, β 2 = 8, β 3 = 20.12, β 4 = 54.46, β 5 = 268.16.
(4) By choosing in (2) the scale µ 2 = −s, one obtains the renormalization-group improved expansion
where a(−s) ≡ α s (−s)/π is the running coupling. The Adler function was calculated in MS to order α 4 s (see [1] and references therein). For n f = 3, the leading coefficients c n,1 have the values: On the other hand, at large orders n the coefficients c n,1 are known to increase like n! [17] [18] [19] [20] . Thus, the series (2) has a zero radius of convergence and is interpreted as an asymptotic expansion of D(s) for a µ → 0. As it is known, in some definite cases the expanded functions can be recovered from their divergent expansions through Borel summation. In the case of the Adler function, the Borel transform is defined by the power series
where the coefficients b n are related to the perturbative coefficients c n,1 by
Here we used the standard notation
The large-order increase of the coefficients of the perturbation series is encoded in the singularities of the Borel transform in the complex u plane. In the particular case of the Adler function, B D (u) has singularities on the semiaxis u ≥ 2, denoted as infrared (IR) renormalons, and for u ≤ −1, denoted as ultraviolet (UV) renormalons (see Fig. 1, left panel) . The names indicate the regions in the Feynman integrals responsible for the appearance of the corresponding singularities. Moreover, the nature of the first branch points is known: near u = −1 and u = 2, B D (u) behaves like
respectively, where the residues r 1 and r 2 are not known, but the exponents γ 1 and γ 2 have been calculated in [7, 18, 19, 21] . They are expressed in terms of the first coefficients β 1 and β 2 of the β function, and for n f = 3 their values are
Apart from the two cuts along the lines u ≥ 2 and u ≤ −1, it is assumed that no other singularities are present in the complex u plane [18] . From the definition (7), it follows that the function D(s) defined by (5) can be recovered formally from the Borel transform by the Laplace-Borel integral representation (7) . Middle: the w plane obtained by the conformal mapping (25) . The IR and UV renormalons are mapped on the boundary of the unit disk. The points w∞ (w * ∞ ) are the images of u → ∞ in the upper (lower) half planes. Right: the v plane obtained by the conformal mapping (30) . The cut u ≤ −1 is mapped onto the unit circle. The dashed segment is the image of the cut u ≥ 2.
Actually, due to the singularities of B D (u) for u ≥ 2, the integral (11) is not defined and requires a regularization. However, this ambiguity will not affect our analysis, which will be restricted to the expansions of the Borel transform.
We shall consider also the perturbative expansion of the τ hadronic width. The ratio R τ of the total τ hadronic branching fraction to the electron branching fraction can be expressed as [7] 
where S EW is an electroweak correction, V ud and V us are CKM matrix elements, and δ (0) is the perturbative QCD contribution. As shown in [22] [23] [24] [25] , δ (0) can be expressed, using analyticity, by a weighted integral of the Adler function along a contour in the complex s plane. In our normalization, this relation is [7] :
(13) By inserting in the integral (13) the expansion (2) at the fixed scale µ = m τ and performing the integration with respect to s of the coefficients, one obtains the fixedorder (FO) perturbative expansion
The first coefficients of this expansion read 
where we have used the values given in (6) and left free the next coefficients c n,1 .
1 In the alternative prescription known as "contour improved" (CI), one inserts in (13) the renormalization-group improved expansion (5), the running coupling a(−s) being calculated by the numerical integration of the renormalization-group equation (3) along the circle |s| = m 2 τ .
In analogy with the expansion (7), we define the Borel transform B δ (u) associated to the series (14) by the Taylor expansion
where the coefficients are defined as
Then δ
FO can be recovered by the formal Laplace-Borel integral
The analytic properties of the function B δ (u), which are important for the problem investigated in this work, will be discussed in Sec. VI. Up to now we considered the perturbative expansions in the MS renormalization scheme. Recently, a different scheme was proposed in [26] [27] [28] and was investigated further in [29] by means of the conformal mapping approach to be presented in the next section. In this scheme, the couplingâ µ satisfies the renormalization-group equation
which involves only the scheme-independent coefficients β 1 and β 2 . Furthermore, as shown in [27, 28] , the couplingâ µ depends on a single parameter, denoted as C, and the dependence ofâ µ on this parameter is governed by the same scheme-independent functionβ. The connection between the C-couplingâ µ and the coupling a µ in the MS renormalization scheme can be found by solving numerically a nonlinear equation given in [26] . From this equation one can obtain also the perturbative relations between the couplingsâ µ and a µ :
The explicit forms of these expansions are given in Eqs. (7) and (8) of [26] . From the comparison with the full solution, found numerically in [26, 29] , one can establish the range of C where the perturbative expansions (20) are valid.
The expansion of the Adler function in powers of the C-coupling, derived in a straightforward way using the perturbative relations (20) , has the generic form
For completeness, we write down the terms up to n ≤ 5: 
where in the first four terms we have used as input the values (6).
Starting from (21) , the Borel transform of the Adler function in the C scheme is defined by the series
whereb
The Borel transform (23) was introduced in [29] , where it was used for the calculation of the Adler function and the τ hadronic width. In Sec. V we will discuss the usefulnes of the C renormalization scheme for the prediction of the higher-order perturbative coefficients.
III. SERIES ACCELERATION BY CONFORMAL MAPPINGS
The singularities of B D (u) set a limitation on the convergence region of the power expansion (7): this series converges only inside the circle |u| = 1, which passes through the first UV renormalon (the gray disk in the left panel of Fig. 1 ). As it is known, the domain of convergence of a power series in a complex plane can be increased by expanding the function in powers of another variable, which performs the conformal mapping of the original plane (or a part of it) onto a disk.
The method of conformal mappings was introduced in particle physics in [30] [31] [32] for improving the convergence of the expansions of scattering amplitudes in powers of various kinematical variables. By expanding the amplitude in powers of the function that maps the original analyticity domain onto a unit disk, the new series converges in a larger region, well beyond the convergence domain of the original expansion, and moreover has an increased asymptotic convergence rate at points lying inside this domain. An important result proved in [30, 32] is that the asymptotic convergence rate is maximal if the new variable maps the entire holomorphy domain of the expanded function onto the unit disk (a detailed proof is given in [13, 16] ). This particular variable is known in the literature as the "optimal conformal mapping".
In QCD, since the correlators are singular at the origin of the coupling plane [17] , the method of conformal mapping is not applicable to the formal perturbative series in powers of the coupling 2 . However, the method can be applied in a straightforward way to the Borel transform B D (u), which is holomorphic in a region containing the origin u = 0 of the Borel complex plane and can be expanded in powers of the Borel variable as in (7).
As shown for the first time in [9] , the optimal mapping, which ensures the convergence of the corresponding power series in the entire doubly-cut Borel plane, is given by the functioñ
whose inverse reads
One can check that the functionw(u) maps the complex u plane cut along the real axis for u ≥ 2 and u ≤ −1 onto the interior of the circle |w| = 1 in the complex plane w ≡w(u), such that the origin u = 0 of the u plane corresponds to the origin w = 0 of the w plane, and the upper (lower) edges of the cuts are mapped onto the upper (lower) semicircles in the w plane. By the mapping (25) , all the singularities of the Borel transform, the UV and IR renormalons, are pushed on the boundary of the unit disk in the w plane, all at equal distance from the origin (see middle panel of Fig. 1 ). Therefore, the expansion of B D (u) as
converges in the whole u complex plane up to the cuts, i.e. in a much larger domain than the original series (7). According to the results mentioned above (proved in Ref. [13] ), this expansion has the best asymptotic convergence rate compared to other expansions based on alternative conformal mappings. The expansion can be further improved by exploiting the fact that the nature of the leading singularities of B D (u) in the Borel plane is known. Using (25) , it is easy to check that
It follows that the product B D (u)(1+w) 2γ1 (1−w) 2γ2 will be finite at u = −1 and u = 2. However, this product has still singularities (branch points) at u = −1 and u = 2, generated by the terms of B D (u) which are holomorphic at these points. Therefore, the optimal variable for the expansion of the product is the conformal mapping (25) , which accounts for these singularities. Using this remark, we shall adopt the expansion
proposed in [12] and investigated further in [13] . We note that a nonoptimal conformal mapping of the Borel plane, which takes into account only the position of the nearest singularity of B D (u), was suggested in [19] and was used further in [35, 36] in order to reduce the ambiguities due to the UV renormalons. This mapping readsṽ
and has the inverseũ
The variable (30) maps the u complex plane cut along the line u ≤ −1 onto the unit disk |v| < 1 in the plane v ≡ṽ(u), such that the point u = −1 becomes v = −1 and the point at infinity becomes v = 1 (see right panel of Fig. 1 ). In the v plane the image of the IR cut is the real segment (ṽ(2), 1), shown by the dashed line in Fig.  1 . The expansion of the Borel function in this variable is
We can implement the nature of the first singularites expressed by (9) also in this variable. Using the relations
which can be derived from (30), we conclude that the product
γ2 is finite at u = −1 and u = 2. By expanding this product in powers of v, we write the expansion of B D (u) as
We emphasize that in the expansions (29) and (34), the global prefactors which implement the known behavior (9) near the first singularities are expressed in terms of the variable used in the power expansion.
IV. HIGHER-ORDER COEFFICIENTS FROM THE ADLER FUNCTION IN MS SCHEME
We recall that the aim of this work is to make predictions on the higher-order perturbative coefficients c n,1 with n ≥ 5, using as input the known coefficients c n,1 with n ≤ 4 given in (6) . As these coefficients appear in the expansion (7) of the Borel transform, we focus on this function. We start from the remark that this function admits a Taylor series convergent in a disk around the origin of the complex Borel plane and propose alternative expansions, which converge in a larger domain and implement in an optimal way the known analyticity properties in the Borel plane. When reexpanded in powers of the Borel variable u, these expansions contain higher-order terms, which allow the extraction of the perturbative coefficients of interest.
Specifically, the strategy involves the following algorithmic steps, which we explain in detail using for illustration the optimal expansion (29): assuming we know N coefficients c n,1 for 1 ≤ n ≤ N , we start from the expansion (7) of B D (u) truncated at a finite order N − 1. We insert u =ũ(w) in this truncated expansion and expand its product with the global prefactor (1 + w)
in powers of w to the same order N − 1. This gives a polynomial in w of order N − 1, with N known nonzero coefficients f n for 0 ≤ n ≤ N − 1. Finally, we reexpand in powers of u the expression (29) , where the series in powers of w is truncated at n ≤ N − 1. In this way, we recover the first N input coefficients c n,1 entering the coefficients b n by (8) , but obtain also definite values for the higher-order coefficients c n,1 for n > N . The same steps are applied when considering the expansions (27) , (32) and (34) . Before presenting our results for the first unknown perturbative coefficients, it is instructive to investigate the potential of the four expansions (27) , (29) , (32) and (34) to predict the next perturbative coefficient c N,1 from the knowledge of the coefficients c n,1 with n ≤ N − 1, for increasing orders N . The exercise is motivated by the remark that, if a function is expanded as a convergent power series, the knowledge of an increasing number of expansion coefficients is expected to strongly constrain the next terms, which should be close to the exact terms of the full expansion.
For generating higher-order coefficients we used first a model of the Adler function proposed in [7] , which we summarize for completeness in the Appendix. In Table  I , we present the results given by the expansions (27) , (29) , (32) and (34), compared to the exact coefficients of the model, given in the last column.
We first note that for the best expansion (29) in powers of the optimal mapping with the exact implementation of the nature of the first singularities, the predicted coefficients c N,1 listed in column 5 start to be close to the exact values for N ≥ 5 and practically coincide with them for higher N (the number of identical digits in the corresponding values is actually larger than is shown by TABLE I: Columns 2 to 4: coefficient cN,1 obtained from the knowlwdge of the coefficients cn,1 for n ≤ N − 1 of the model [7] , using the expansions (32) and (34) in powers of the nonoptimal mapping (30) , and the expansions (27) and (29) in powers of the optimal mapping (25) . Last column: the exact perturbative coefficients cN,1 of the model [7] . rounding). By comparison, as shown in column 3, the expansion (27) in powers of the optimal mapping without the implementation of the nature of the nearest singularities has a poor predictive power of the next coefficient at low orders, but gradually approaches the exact results at high orders, confirming the asymptotic convergence rate of this expansion, mentioned above.
In Table I we show also the predictions of the expansions (32) and (34) in powers of the mapping (30) proposed in [18] . From the results given in column 2, one can see that the series (32) fails to reproduce the next terms of the expansion from the knowledge of the previous ones. This is explained by the fact that the IR cut (shown as a dashed line in the right panel of Fig. 1 ), restricts the convergence of the series to a rather small domain. By softening the first singularities, as done in (34), the limitation set by the IR cut on the convergence is reduced and the predictive power of the expansion increases. As seen from column 4 of Table I , at high orders which are influenced by the first UV renormalon, the expansion reproduces with high accuracy the exact values of the next coefficients.
As remarked in the literature [13, 15, 37, 38] , the model proposed in [7] is characterized by a relatively large value of the first IR renormalon residue d consider also alternative models with a smaller residue. An example, proposed in [13] , is briefly presented in the Appendix. As seen from the perturbative coefficients listed in Eq. (A9), the oscillatory character of the series, imposed by the UV renormalons, starts a bit earlier in this case compared to the previous model. On the other hand, the large-order behavior of the two models is the same, being dictated by the first UV renormalon which is modelled in the same way.
In Table II we present the same analysis as in Table I , performed for the alternative model. The results given in column 3 and 5 show that the expansions (27) and (29) based on the optimal conformal mapping (25) reproduce well the exact coefficient c N,1 of the model at high orders. For the best expansion (29) , which softens the first singularities, the exact coefficients are reproduced also at low orders, although the approximation is slightly worse than for the previous model shown in Table I . For the nonoptimal mapping (30) , the simple expansion (32) fails to recover the next coefficient, while the expansion (34) which softens the first singularities gives good results both at large and intermediate orders.
Based on the above study, we shall choose the expansions (29) and (34) for predicting the higher coefficients from the known c n,1 with n ≤ 4 given in Eq. (6). One Tables I and  II , these expansions are not able to recover the coefficient c 4,1 from the first three coefficients. However, since we do not use ad-hoc parametrizations, but systematic expansions with improved properties when the order is increased, we can expect the prediction of the coefficient c 5,1 and the next ones to be better. Moreover, in Sec. VIII we shall corroborate the predictions based on the expansion of the Adler function with those based on the expansion of a suitable weighted integral of D(s) in the complex s plane. Using the first four coefficients c n,1 given in (6) and applying the strategy explained at the beginning of this section, we arrive at the representation
which, reexpanded in powers of u, reads Using (8), we recover from the first four coefficients the input values c n,1 for n ≤ 4, and from the remaining coefficients we predict: 
We note that the value of c 5,1 was already reported in Ref. [12] , where the representation (29) was used for the extraction of the strong coupling from the hadronic τ width. For the nonoptimal mapping (30), the representation analogous to (35) has the form The first four Taylor coefficients of this series coincide with those of the expansion (36), being fixed by the values (6) used as input, while from the remaining ones we obtain: V.
HIGHER-ORDER COEFFICIENTS FROM THE ADLER FUNCTION IN C SCHEME
As remarked in Sec. II, the nature of the singularities of the Borel transform in the u plane depend only on the first two coefficients, β 1 and β 2 , of the β function, which are scheme independent. This means that the first singularities of the function B(u, C) defined in (23) are expected to have the same location at u = −1 and u = 2, and their nature to be described by the same relations (9) . Another argument in favour of this property, put forward in [18] , is that the behavior of the Borel transform near the first singularities is dictated by the limit of vanishing coupling, where the MS and the C scheme coincide. Therefore, we can adopt for the function B(u, C) defined in (23) the expansions written in (29) and (34) .
In particular, we consider the expansion
based on the optimal mapping (25) and the softening of the first singularities. The expansion (41) is similar to (29) , the only difference being that now the coefficientŝ f n depend on C.
Using as input the first four coefficientsĉ n,1 (C) from (22) and applying the steps presented in the previous section, we arrive at the representation Using Eq. (24), one can check that the first four terms of the expansion (43) reproduce exactly the known coefficients of the expansion (22) of the Adler function, while from the last term of (24) compared with the last term of (22) we extract the unknown perturbative coefficient c 5,1 in the MS scheme as
We plot this expression in Fig. 2 , for the parameter C in the interval from −1 to 1. A very similar curve is obtained using an expansion based on the alternative mapping (30) . Fig. 2 shows a quite drastic variation with C of the perturbative coefficient c 5,1 , which actually must be independent of C. As discussed in the previous studies [26, 29] , a reasonable range of C appears to be situated close to the origin. By restricting for instance C to the range from −0.05 to 0.05, we obtain c 5,1 ∈ (269, 401), with c 5,1 = 283 for C = 0, values which are consistent with the determinations in Sec. IV. However, since no prescription for choosing a narrow range of C exists and Fig. 2 does not indicate a region of stability, we conclude that the C scheme is not useful for an accurate extraction of the higher-order perturbative coefficients of the Adler function.
VI. HIGHER-ORDER COEFFICIENTS FROM τ HADRONIC WIDTH
In order to apply the method of conformal mappings to the expansion of τ hadronic width, the analytic properties of the Borel transform B δ (u) defined in (16) must be known. Information on these properties can be obtained by establishing a relation between the functions B δ and B D . This relation was investigated in several works (see for instance [7, 8, 40] ).
If we introduce the Laplace-Borel representation (11) in the integral (13) and permute the integrals we obtain − π) ). The integral upon φ can be performed exactly in the one-loop approximation of the running coupling, when (3) implies
where the last term is equal to i(φ − π). Then, the comparison with (18) leads to [7] 
. (47) From (47) it follows that B δ (u) inherits from B D (u) the first singularities at u = −1 and u = 2. No new singularities appear, the poles at u = 0, 1, 3 and 4 being cancelled by the zeros of sin(πu). So, we can apply to B δ (u) the method of conformal mappings, using the same optimal variable w defined in (25) . We notice further that sin(πu) exhibits also simple zeros at u = −1 and u = 2, which reduce by 1 the strength of the singularities of B D (u) given in (9) . So, we can use for B δ (u) an expansion similar to (29) , with exponents in the prefactors smaller by one. Using the first four known coefficients (15) and the strategy presented in Sec. IV, we obtained the representation B δ (u) = 1 + 3.425 w + 7.695 w 2 + 7.189 w
which, reexpanded in powers of u leads to B δ (u) = 1 + 2.312u + 2.604u 2 + 1.859u
The first four terms reproduce the coefficients b n of the expansion (16), known from (15) and (17), while from the next three terms we extract the coefficients
We recall that the expression (47) is only approximate: beyond one loop, one expects the simple zeros of sin(πu) to be replaced by branch-points which vanish at the relevant points and modify the prefactors in the representation (29) of B D (u) by a certain unknown amount. The values (50) obtained in the limit of one-loop coupling can be viewed therefore only as a qualitative prediction.
To obtain a further insight on the problem, we include in the renormalization-group equation (3) the two-loop term in the β function. Then (46) is modified to [40] 
In an iterative approach, we use again (46) in order to evaluate the last term, which we then expand to order a(m 2 τ ), to obtain:
The integration upon φ in (45) can be done exactly also in this case by a simple rescaling of the variable u, and we obtain instead of (47) the relation
where
Of course, the relation (53) is only an approximation, since B δ (u) has some residual dependence on the coupling α s (m 2 τ ) contained in the parameter ξ. However, the expression (54) shows that for current values α s (m 2 τ ) ∼ 0.3 the parameter ξ differs from one by a small quantity. Therefore, its presence in the sinus leads to only a slight shift of the position of the zeros. In particular, instead of zeros at u = 2 and u = −1, this factor vanishes at the nearby points u = 2/ξ and u = −1/ξ. In consequence, the strength of the singularities of B D (u) at u = 2 and u = −1 is not modified in a manifest way, but is indirectly attenuated by the simple zeros that B δ (u) is expected to have near these points.
Using the above discussion, we consider a representation of B δ (u) of the form
which exhibits simple zeros as the positions indicated above. The coefficients g j are fixed by the condition of reproducing the first four known Taylor coefficients in the standard expansion (16), and from the higherorder terms we predict the higher-order perturbative coefficients.
For illustration, we present in Fig. 3 (50) shows that the inclusion of higher-loop effects in the running coupling shifts the predicted value of c 5,1 towards smaller values, consistent with the predictions made in Sec. IV. However, since the frame in which we worked is only approximate, we consider this prediction only as a qualitative insight towards the exact result. 
VII. OTHER CONTOUR INTEGRALS
The analysis presented in Sec. IV proved that the power of the method of conformal mapping is increased if the nature of the first singularities of the Borel transform is known. For the τ hadronic width this information is not exactly available. In the one-loop (large-β 0 ) limit, the factor connecting B δ (u) to B D (u) contains simple zeros at u = 2 and u = −1, which modify the nature of the first singularities. A hint to what happens if we go beyond one-loop was provided in the previous section. But the nature of the singularities in the exact case remains unknown. Therefore, the τ hadronic width is not a suitable observable for predicting the higher-order perturba-tive coefficients with the method of conformal mappings applied in this paper.
It is of interest to look for other quantities for which the first singularities of the Borel transform can be exactly determined. One may think to consider, instead of (13), more general contour integrals of the form
where ω(s) is a suitable weight. A large class of integrals of this form have been investigated in [15, 41] for testing the perturbative expansions of the moments of the spectral function ImΠ(s). In these analyses, the weights (denoted as W i (s) in [15] ), must be boundary values of analytic functions in the disk |s| < m 2 τ , in order to connect by Cauchy relation the contour integrals to observables measured on the timelike axis. In the present frame, this restriction is not necessary, since we only look for the perturbative expansion of the quantity I ω . We retain however the requirement that ω(s) vanish at the timelike point s = m 2 τ , in order to suppress the contribution of the region where the perturbative logarithms in (2) are large, worsening the convergence of the expansion.
We are actually interested in weights ω(s) for which the singularities of the corresponding Borel transform B Iω (u) in the u plane can be inferred with some confidence. We investigate the problem by using insight from the limit of one-loop coupling. In this limit, B Iω (u) is given by a relation of the form
where F ω (u) is a calculable function containing explicitly the factor sin(πu) as in (47). Several restrictions must be imposed on this function, in order to ensure suitable properties for B Iω (u). First, we require that F ω (u) does not vanish at u = 2 and u = −1. The reason of this condition is simple: in the limit of one-loop coupling, as will be seen below, F ω (u) has only simple zeros. But in the exact case, a simple zero is expected to become a branch point. Therefore, the zeros at u = −1 and u = 2 would change the nature of the singularities present in B D (u) at these points by an unknown amount, introducing an uncertainty in the behavior of B Iω (u). On the other hand, no branch-points at u = 2 and u = −1 are expected to appear if zeros in F ω (u) at these points are absent in the one-loop limit. So, if F ω (u) does not vanish at u = 2 and u = −1, we can say with some confidence that the singularities of B Iω (u) at these points have the same nature as those of B D (u). We require also that F ω (u) does not exhibit zeros at low values of |u|, in particular on the interval (−1, 2), since in the exact case the simple zeros due to the sinus are expected to become branch points, which modify the analytic properties of B Iω (u).
We investigated a large class of weigths ω(s), for which we calculated explicitly the function F ω (u). For illustration, we present several choices in Table III , where at i = 5 we give for completeness the weight corresponding to the physical quantity δ (0) . It turns out that the above conditions restrict seriously the choice of acceptable weigths. One can see that for i ≤ 6, the functions F ωi (u) vanish at u = −1, since there is no factor in the denominator to compensate the zero of sin(πu). On the other hand, for i = 1, 2, 5, 7 and 8, the functions F ωi (u) vanish at u = 2. For i = 10, where the zeros of sin(πu) at u = −1 and u = 2 are compensated by the denominator, there is still a zero at u = 1, which is not acceptable since in the exact case it will become an unwanted branch point below u = 2.
We conclude that, from the functions listed in Table  III , only ω 9 (s) satisfies the requirements discussed above. The corresponding B Iω (u) is expected to have the same analyticity properties in the u plane as B D (u). Therefore, this weight appears to be a suitable choice for the determination of the higher-order coefficients from the perturbative expansion of B Iω (u). This determination will be presented in the next section. 
VIII. HIGHER-ORDER COEFFICIENTS FROM A SUITABLE CONTOUR INTEGRAL
We consider the integral
The perturbative expansion of the quantity I reads
where the first coefficients are We have used in the calculation the first three coefficients c n,1 from (6), and left free c 4,1 and the next coefficients.
From the discussion in the previous section, we expect the Borel transform of I, defined in analogy with (7) and (8) by the Taylor series
to have analyticity properties in the u plane similar to those of the Borel transform B D (u) of the Adler function. In particular, because the corresponding function F ω appearing in (57) does not have zeros at u = −1 and u = 2, the nature of the first singularities of B I (u) is expected to be given by (9) and (10) . Therefore, we can represent B I (u) by an expansion in powers of the optimal variable w, with the implementation of the nature of the first singularities, similar to the expansion (29) of the Adler function.
As a first check, we kept three terms in the numerator of the representation, using as input the first three coefficients given in (60). When reexpanded in powers of u, this representation contains higher terms, from which, using (60) we extracted the five-loop coefficient
Using then as input the first four coefficients from (60), with the known value of c 4,1 from (6), we obtained the representation 
If we use, instead of (29), the expansion (34) based on the alternative conformal mapping (30), the results are
and, respectively, 
IX. AVERAGE OF THE UNBIASED PREDICTIONS
In the previous sections, we investigated the prediction of the higher-order perturbative coefficients c n,1 using the method of conformal mappings for the expansions the Adler function and of its contour integrals. The investigation in Sec. V showed that a precise prediction using the C renormalization scheme is not possible, since an allowed interval for the parameter C is not a priori available. Furthermore, the analysis presented in Sec. VI showed that in the case of the τ hadronic width, the behavior of the Borel transform near the first singularities, which plays an important role in the method applied in this paper, is not known exactly.
Therefore, we retain for calculating an average the predictions obtained from the expansions of the Adler function in the MS scheme, investigated in Sec. IV, and the contour integral considered in Sec. VIII. In these cases, the nature of the first singularities in the Borel plane is exactly known, which considerably improves the predictive power of the method of conformal mappings. For these quantities, we used both expansions (29) and (34), based on the optimal mapping (25) and the alternative mapping (30) .
Assuming first that only three perturbative coefficients from (6) are used as input, the method leads to a prediction for the coefficient c 4,1 . From the values given by the above expansion for N = 4 in Table I and the results quoted in Eqs. (62) and (66), we obtain the average 
where we took as error the largest of the up and down values. We note that the error is rather large, which is actually to be expected at such a low order. The prediction is however compatible within errors with the true value c 4,1 = 49.076 given in (6) . Using as input the first four coefficients from (6), the method leads to the predictions for the next coefficients given in Eqs. (37) , (40) , (65) 
where, as above, the error is the largest of the up and down values. As in [8] , we cannot attach a statistical meaning to this error. Rather, it is chosen such as to cover the range of the values entering the average.
X. SUMMARY AND CONCLUSIONS
The state of the art in perturbative QCD is the calculation of some correlators to five-loop order. For the Adler function, the known perturbative coefficients are given in (6) . The knowledge of the higher-order coefficients is of much interest, in particular for increasing the accuracy of the determination of the strong coupling α s from hadronic τ decays. As the exact calculations to six-loop order are not foreseen in the near future due to computational difficulties, various approximate estimates have been proposed recently. Of course, some theoretical information about the expanded function must be available if one wants to say something about its higher-order Taylor coefficients.
In the present paper we exploited the analytic properties in the Borel plane, which encode the high-order behavior of the perturbative expansion. We proved that the method of accelerating the series convergence by conformal mappings provides a useful tool for the present purpose.
Specifically, we used the representations (29) and (34) of the Borel transform, based on the optimal conformal mapping (25) and the alternative mapping (30) , which implement also the known behavior near the first singularities. The first four perturbative coefficients (6) were used as input for fixing the first terms of the expansion in powers of the conformal mappings in the representations (29) and (34) . When reexpanded in powers of u, these expressions reproduce the known coefficients, but contain also higher powers, from which the next coefficients can be extracted. The good performance of these expansions to predict higher-order coefficients has been tested in Sec. IV up to high orders, using two renormalon-based models of the Adler function summarized in the Appendix.
We based our predictions on the expansion of the Adler function in the MS scheme discussed in Sec. IV, and on the expansion of a suitable contour integral investigated in Sec. VIII. In both these cases the behavior of the Borel transform near the first singularities is known, this information being very useful for increasing the accuracy of the predictions. Our final results given in Eq. (69) are obtained from the average of the four values given in Eqs. (37) , (40) , (65) and (67), with a conservative definition of the error.
It is of interest to compare these predictions with previous determinations made in the literature. In Ref. [3] the value c 5,1 = 145 ± 100 was suggested, using only partial information about the five-loop coefficient available at that time. The value obtained from the principle of Fastest Apparent Convergence (FAC) in Ref. [1] is c 5,1 = 275, while in Ref. [7] the estimate c 5,1 = 283 ± 142 was made by studying the expansion of the τ hadronic width. Finally, we quote the most recent values c 5,1 = 277 ± 51, c 6,1 = 3460 ± 690 and c 7,1 = (2.02 ± 0.72) × 10 4 , obtained in [8] from Padé approximants of the expansion of the τ hadronic width.
Our predictions (69) are compatible with the above quoted values, in particular with the recent predictions made in Ref. [8] . It must be emphasized that the values obtained in [8] and in the present paper are obtained with completely different methods, which strenghten the confidence in these values. Our results support therefore the statement made in [8] that it seems unlikely that the six-loop coefficient would not be within the intervals given above.
